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ABSTRACT

The effect of botndaries on the spatial correlation of noise fields is investigated. Two types
of noise fields are considered; namely, a volume noise model and a surface noise model. The

volume noise model consists of a field of plane waves, equally probable in all directions. This
homogeneous-isotropic noise field is modified by the addition of a perfectly reflecting soft
surface. The addition of the boundary results in a nonisotropic, nonhomogeneous wave field.

Equations for the spatial correlation are obtained and curves are drawn showing the depend-
ence of spatial correlation on the orientation of the point receivers and the distance from the
soft surface. This analysis is repeated for a hard bottom.

The surface noise model consists of directional noise sources on the surface of the ocean.
A hard bottom is considered, and it is assumed that the water is deep. Equations for the spatial
correlation are obtained as a function of various parameters. Curves are drawn and the

spatial correlation is shown to depend on the directionality of the noise sources, the orienta-
tion of the point receivers, and the distance of the receivers from the bottom.

It is shown that for the case of vertical receivers, if the center of the line joining the two

receivers is at a distance of two wavelengths or further from the boundary, there is very little
change in the spatial correlation as compared to the no boundary case. This is also shown for the
case of horizontal receivers and a soft boundary. It is shown that for the case of surface noise,
horizontal receivers, and a hard bottom, there is very little change in the spatial correlation as
compared with the no boundary case if the receivers are at a distance of five wavelengths or

greater from the boundary.
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THE EFFECT OF BOUNDARIES ON THE SPATIAL CORRELATION
OF NOISE FIELDS"

iNTRODUCTION

The spatial correlation of a noise field is defined as the normalized
correlation of the pressure at two points separated by a distance d. In
general, the spatial correlation is a function of the distance d and of the
orientation and position of the two points. The spatial correlation for the case
of homogeneous-isotropic noise ".2,3 and for the case of directional surface
noise without boundaries 3 has been obtained previously. The purpose of this
study is to investigate the effect of boundaries on spatial correlation.

The model on which this investigation is based was first suggested by
1 4Marsh' and by Eckart. To the writers' knowledge, however, the compu-

tation of the spatial correlation has not been carried through to the present
time.

VOLUME NOISE

In general,

-.<p2> : p> +.<p2> + 2 < > p ,,,
2 1 12

where

<p2 > is the mean square pressure at one point,

<P2 is the mean square pressure at a second point,

<p 2 >2 is the mean square of the sum of the press res at
Points I and 2, and

P12 is the normalized spatial correlation of Points 1 and 2.

*A version of the material in this report was presented at the Sixty-Fourth h.eeting of the Acoustical
Society of America. in November 1962.

1 H. W. Marsh, Jr., Correlation in Wave Fields, unclassified article in USL Quarterly Report (CONFIDEN-
TIAL) for period ending 31 March 1950, pp. 63-68.

2 j. J. Faran and R. Hills, "The Application of Correlation Techniques to Acoustic Receiving Systems,"
Tech. Memo. No. 28, Acoustics Research Laboratory, Harvard University, 1 November 1952, 11.11-14.

3B. F. Cron and C. H. Sherman, Theoretical Derivation of Spatial Correlation Functions for Various
Noise Models, USL Report No. 541, 15 March 1962; see also, "Spatial-Correlation Functions for Various Noise
Models," Journal of the Acoustical Society of America. vol. 34, November 1962, p. 1732.

4 C. Eckart, "The Theory of Noise in Continuous Media," Journal of the Acoustical Society of America
vol. 25, no. 2, March 1953, pp. 195-199.



We shall now compute the mean square pressures, and from the values
obtained and from Eq. (1), we shall derive the spatial correlation.

Let us consider a noise field composed of equal-amplitude plane waves
which are equally probable in all directions. We consider a single-frequency
component of the noise and assume that the phase is random and uniformly
distributed among the plane waves. This results in a homogeneous-isotropic
noise field.

The spatial correlation for this case is now well established as being

sin kd/kd, where k is the wave number.

z

AIR
SOWATER

Fig. 1 - Geometry for Volume Noise Model

Let us now introduce a perfectly soft surface, such as an air-water
interface at the plane z = 0 as shown in Fig. 1. The pressure due to one
plane wave can be expressed as the superposition of the plane wave and its
reflected wave. Using spherical coordinates (see Fig. 1), we have

p(z,y, z,t) - Poewpi [wt+kIsin 0cos+ kysin 0sin -kzcoo ]
(2)

-P expi[wt+kx sin Ocoso+kysin Osin O+kz co 61].

Let us consider a receiver located I units below the surface with coordi-
nates (0, 0, -4). If we square the pressure and average it over time, we
obtain the mean square pressure

<p, (0, 0, -t) > - 2P 2 sin2 (ki cos 9). (3)
0

2



We consider that there are N plane waves per unit solid angle. Then the
total mean square pressure at a point is

-<P f>.-N <p' (0,0,4)> sin Od.dO - 2jNPp [in At (4)

This result shows that the noise field is not homogeneous since the mean
square pressure at a point depends on the depth of that point. The noise
field is also not isotropic; if the receiver responded only to waves in a
solid angle do about its axis, its response would be proportional to
sins (ki coo 8) df when it was pointed in the direction 0. Thus the
response depends on e.

Now we consider two receivers. Let the receivers be in a horizontal
plane at the points (d/2, 0,-I) and (-d/2, 0, -1) so that their separa-
tion is d and their orientation in the horizontal plane is irrelevant. The
sum of the pressures due to one plane wave is

+ 4lPlezpIwt sin(ko cose)co. sin 0 coo (5)
2 /P2

We now take the real part of Eq. (5), square it, average over time, and
obtain

-(l~ 2 Pun2 k a or ()o2(~aa 9) (6)

Integrating Eq. (6)s over the angles 0 and * gives

2 rNp2 sin2kI slnkd sinV'(2k[)2+(kd)2 1 (7)

<p > a 4N l- +-- - (7)2 0 k" kd V(2k")2+(kd) "

5 The integration can be carried out by use of formulas in W. Grober and N. kofreiter, Intearaltafel.
Bestlmmte Intearale, Springer-Verlag, 1958, p. 134. Also, P. M. Morse and H. Feshbach, Methods of
Theoretical Physics, McGraw-Hill Book Co., Inc., New York, 1953, p. 1516.

3
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Combining Eqs. (1), (4), and (7) now gives for the spatial correlation
function

sin kd sin /(2k!)2 + (kd)2
f kd N/(2kt)2 +(kd)2 (8)

aim 2kft

2kt

Note that as I increases, Eq. (8) approaches the value for the homogeous-
isotropic noise field. If the plane z - 0 were perfectly hard, the second
term of Eq. (2) would be positive instead of negative and the final result
would be

sinakd + aimla P Oiokd IV (Zkt)2 + (kd)2
+p(d,ft) - kd /(2kft)2+(kd~a (9)

ala Ikt

2kt

As I increases, Eq. (9) also approaches the value for the homogeneous-
isotropic noise field. Furthermore, when the receivers are on the bottom
(I = 0), the above equation reduces to the same value. This is character-
istic of horizontal receivers and a perfectly hard bottom and will be encoun-
tered again later.

We now consider the case of a soft surface and two receivers in a vertical
plane. Let the coordinates of the receivers be (0, 0, -f - d/2) and (0, 0o,-t + d/2).
In this case we have symmetry about the z axis. Using Eq. (2), the pres-
sure at these points due to one incident plane wave at an angle of incidence (0)
and the reflected plane wave is

P1 (0. o-1 - ý. 2 iP* ezp ioit sin [k (ft +1A Co (10)S(01 0, t) - )o0
P2 (oto..1 + = 21P~expiwtsin [kc (ft -ý)CosO] (I
S(01 2_, t) . 2) ,

When we take the real part of each pressure, square it, average over time,
and integrate over space, we obtain results having the same form as those
derived from Eq. (4).

Let us now add the pressures:

4iP expl(,t [in k cose + sin k(A)COa ] (12)
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Taking the real part of Eq. (12), squaring it, and averaging over time, we
obtain

<(PI +P2 )
2> .2P2 [in {k ( A con + sin {L.( }2  

. (3

We now integrate this over all the contributing space and obtain

<p>-4N p 2  1_- i& + snkd (1)
2 A(I_! 21(2 +) -F k17 kd (4• <__•-_. -__ 2 _ -ik n

Substituting into Eq. (1), we obtain

sin kd sin 2kA
kd 2k0

si[n1 2k (t d) sin2k +)f"()

The case of a hard surface and vertical receivers is treated in the same
manner, and the result is:

sin kd sin 2k0

(,kd 2k[

pidn)+ 2k I i A + ]

5.



SURFACE NOISE

We now treat the case where the noise originates at the surface of the
water and the receivers are located near the bottom. We assume that
the water is very deep as compared with the separation of the receivers
and that the bottom is perfectly hard. We consider the noise sources on
the surface to have equal amplitudes and random, uniformly distributed
phases. In addition, we consider that these noise sources radiate with a
directionality of amplitude given by cos- 0.

dx
Z .D - x --------- SURFACE.dr- Cos,"

/" I Fig. 2 - Geometry for Surface Noise Model

z0y BOTTOM

x

"I

Referring to Fig. 2, we ha ve for the mean square pressure at the point
(0, 0, 1) due to one plane wave coming from the direction 0 and its
reflected wave

<p 2 (O,, 1)> - 2A2 COS0 Cos 2 (kI cos 0), (17)
r2

where A is an amplitude constant. When Eq. (17) is integrated over the
entire infinite surface of noise sources (see Fig. 2), we obtain

<P>- 4wA2f co.2 (kI ) 0OS) CO22ml Gsin OdO (18)

1 Of

for the total mean square pressure at one receiver at distance t above
the bottom.

Now we consider two receivers in a horizontal plane at the points

andrelete w)62

wher A0sa mltd osat hn 1)i nertdoe h
enir nfniesufaeofnos sure (eeF0.2)'t bti
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The mean square value of the sum of the pressures at the two receivers due
to one plane wave is

<(PI +P2 )2 > -A2 CO"2 0 o" 2 (ki COS 9) oS2(• .in Oco. 0 )O , (19)

and integrating Eq. (19) over the surface of noise sources gives

<p>- 2 <pl> +SwA 2 f coa 2 (ki coS 0) J.(kdain0)cos 2m'Osia 0dO. (20)

8

When the results in Eqs. (18) and (20) are used in Eq. (1), we obtain
for the spatial correlation function

f J0 (kd sin 0) cos 2 (ktCO 0) Cos 2 " 1 sin 0d0

p(d, t) - (21)

SCo 22 (ki cos 0) cos2 m- ' 6sin 0d0

Note that when the receivers are on the bottom (I = 0), Eq. (21) reduces
to the value obtained previously where the bottom was not considered at all.'
As t increases, it can be seen that Eq. (21) reduces also to the no-bottom
case.

Next, we consider two receivers in a vertical plane located at the points
(0, 0, 1 + d/2) and (0, 0, t - 4/2). The mean square value of the sum of the
pressures due to one plane wave is

<(PI+P)2 >L• k 2 -i) cos +o + COS k + coS0 . (22)P22 2

When Eq. (22) is integrated over the surface of noise sources and when
Eqs. (1) and (18) are used, we obtain

[ 7F/2 COSn k (I\ ACO 0 1 4O~ (I +ýcouO COa2=-IaiU~d0

2d )k co. 0 cos2' IOin Od o ck)(I + 0

For specified integer values of m the above integrals can be readily evaluated.

6Benjamin F. Cron and Charles H. Sherman, Theoretical Derivation of Spatial Correlation Functions for
Various Noise Models, USL Report No. 541, 15 March 1962, Equation (17).

7
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Fig. 3 - Effect of Soft Surface for Volume Noise Fig. 4 - Effect of Soft Surface for Volume Noise
with Horizontal Receivers Close to Boundary with Horizontal Receivers Far from Boundary
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Fig. 5 - Effect of Hard Boft om for Volume Noise Fig. 6 - Effect of Hard Bottom for Volume Noisewith Horizontal Receivers Close to Boundary with Horizontal Receivers Far from Boundary

8t OBtO



NUMERICAL RESULTS

Figures 3 through 13 show the numerical results calculated from-the
equations which have been derived. In all these figures, X is the wavelength.
Figures 3 and 4 were calculated from Eq. (8) and show the effect of a soft
surface near horizontal receivers for volume noise. When the distance from
the receivers to the surface is less than a wavelength, there is an appreciable
effect, but when this distance exceeds one or two wavelengths, the effect be-

- comes very small. Figures 5 and 6, calculated from Eq. (9), show that
for volume noise the effect of a hard surface near horizontal receivers is
very different from the effect of a soft surface. However, when the distance
from the surface exceeds one or two wavelengths, the effect is again very
small.

I , ........1**

-- - I i.

.4- .4t ' ,

D.j 0 , -. 0 i i , , i

. t 1 .1 1. .4 1., L& .2 .4 .6 .8 1 ,12 1.4 1.6 177 2

Fig. 7• - Effect of Soft Surface for Volume Noise Fig. 8 - Effect of Hard Bottom ior Volume Noise
with Vertical Receivers Far from Boundary with Vertical Receivers Far fturm Boundary

Figure 7, calculated from Eq. (15), shows the effect of a soft surface
for volume noise when the receivers are vertical, and Fig. 8, calculated
from Eq. (16), shows the effect of a hard surface under the same conditions.
In both cases there is no appreciable effect until the receiver nearest the
surface is within a few tenths of a wavelength from the surface.

Figures 9, 10, 11, and 12, calculated from Eq. (21) by numerical inte-
gration, show the effect of a hard bottom near horizontal receivers for direc-
tional surface noise with two different degrees of amplitude directionality
correspnding to coo' 0 and cos' 0. Experimental work?*a has not yet
shown clearly what to expect for surface-noise directionality but sugge sts that
it~s ai-,--ewhat similar to the assumptions of m' = 2 and 3. It is clear fromthe

7 B. A. Becken, "The Directional Distribution of Ambient Noise in the Ocean, " Marine Physical Labora-
tory File OOC-U-89, 7 March 1961.

$Martin -Marietta Co., Fixed Acoustic Buoy• IP Final Report ER 12388, NOWs 815'75, April 1962
(CONFIDENTIAL).
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Fig. 9 Effect of Hard Bottom for Surface Noise Fig. 10 - Effect of Hard Bottom for Surface Noise
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results shown in Figs. 9 and 10 that the effect of the bottom on the spatial
correlation is very large when the receivers are within a wavelength of the
bottom. However, for I/A-5, as shown in Figs. 11 and 12, the effects of
the bottom are small.

- dNO BOTTOM

S. ,-- ='A, di V ,

So ,'1

A-A

I: Ia::

0-

9-.4

0 .2 .4 .6 .8 1 1.2 1.4 1.6 18 2

Fig. 13 - Effect of Hard Bottom for Surface Noise with Vertical Receivers
Far from Boundary

Figure 13, calculated from Eq. (23) shows the effect of a hard bottom
near vertical receivers for a surface noise with amplitude directionality of
cos3 0. For I/A = 1 and 2, there is very little difference between these
curves and the no-bottom case.

CONCLUSION

A theoretical model has been constructed and analyzed for the effect of
boundaries on the spatial correlation. It has been shown that the boundaries
do affect the spatial correlation if the centitr of the line joining the two
receivers is within two wavelengths of the boundary. It has also been shown
that for all the cases of volume noise and for the case of surface noise and
vertical receivers, if the center of the line joining the two receivers is at a
distance of two wavelengths or longer from the boundary, there is very little
change inthe spatial correlation as compared with the no-boundary case. For
the case of surface noise, horizontal receivers and a hard bottom, there is
very little change in the spatial correlation as compared withthe no-boundary
case, if the receivers are at a distance of five wavelengths or greater from
the boundary.
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